We have considered different estimation procedures for the unknown parameters of the extended exponential geometric distribution. We introduce different types of estimators such as the maximum likelihood, method of moments, modified moments, L-moments, ordinary and weighted least squares, percentile, maximum product of spacings, and minimum distance estimators. The different estimators are compared by using extensive numerical simulations. We discovered that the maximum product of spacings estimator has the smallest mean square errors and mean relative estimates, nearest to one, for both parameters, proving to be the most efficient method compared to other methods. Combining these results with the good properties of the method such as consistency, asymptotic efficiency, normality, and invariance we conclude that the maximum product of spacings estimator is the best one for estimating the parameters of the extended exponential geometric distribution in comparison with its competitors. For the sake of illustration, we apply our proposed methodology in two important data sets, demonstrating that the EEG distribution is a simple alternative to be used for lifetime data.
Introduction
Many researches are interested in search distributions which can be used to describe real data sets. Generalizations of the standard exponential distribution have been introduced in the literature for this purpose, such as Gamma, Weibull, and Generalized Exponential distribution [1] . Another useful generalization is known as extended exponential geometric distribution. Initially, the development of such distribution was made by Adamidis and Loukas [2] proposing exponential geometric distribution with two parameters, in which the hazard function could be decreasing. In a further paper, Adamidis et al. [3] explored extended exponential geometric (EEG) distribution. Let be a random variable representing a lifetime data, with extended exponential geometric (EEG) distribution; its probability density function (PDF) is given by
for all > 0, > 0, and > 0. One of its peculiarities is that its hazard function can be increasing or decreasing, depending on the values of its parameters, giving great flexibility of fit for real applications. This model arises naturally in competing risks scenarios. Let = min( 1 , 2 , . . . , ), where M is a random variable with geometrical distribution and are independent of M and are assumed to be independent and identically distributed according to exponential distribution; then the random variable has EEG distribution with 0 < < 1, also known as exponential geometric (EG) distribution [2] . Considering the same assumptions and = max( 1 , 2 , . . . , ), the random variable has EEG distribution with > 1, also known as Complementary Exponential Geometric distribution [4] . Due to its importance, some generalizations of the EEG distribution have been proposed, such as the Beta exponential geometric distribution [5] , Exponentiated Exponential-Geometric distribution 2 Computational and Mathematical Methods in Medicine [6] , Complementary Exponentiated Exponential Geometric distribution [7] , and Generalized Exponential Geometric distribution [8] .
Despite the fact that EEG distribution has good flexibility, a few estimation procedures have been proposed in the literature. Adamidis et al. [3] derived the maximum likelihood estimators (MLE) for the unknown parameters of the EEG distribution. Ramos et al. [9] developed a Bayesian analysis under noninformative priors. However, considering the frequentist approach, it is well known that, usually, for small samples, the MLE does not perform well. In this paper, we proposed nine new estimators for the parameters of the EEG distribution, which are given considering the following estimation procedures: the method of moments, modified moments, ordinary least squares, weighted least squares, L-moments, percentile, maximum product of spacings, Cramer-von Mises type minimum distance, and Anderson-Darling estimator.
The main aim of this paper is twofold. First, it aims to develop a guideline for choosing the most efficient estimators among ten different estimation procedures for the EEG distribution, which would be of interest to applied statisticians. Second, it aims to demonstrate that the EEG distribution is a simple alternative to be used in applications in medicine.
The originality of this study comes from the fact that, for the EEG distribution and considering the frequentist approach, only the MLE has been presented in the literature. The performances of the different estimation methods are compared using extensive numerical simulations. Additionally, these results are analogous for the exponential geometric distribution and the Complementary Exponential Geometric distribution. Related studies for other distributions can be found in Gupta and Kundu [10] , Mazucheli et al. [11] , Teimouri et al. [12] , and Dey et al. [13] .
The paper is organized as follows. In Section 2, we discuss some properties of the EEG distribution. In Section 3, we present ten estimation procedures for the parameters of our proposed model. In Section 4, a simulation study is presented in order to identify the most efficient estimators. In Section 5, we apply our proposed methodology in two real data sets. Some final comments are presented in Section 6.
Extended Exponential Geometric Distribution
Let be a random variable with density function (1); the distribution function is given by
The survival and hazard functions of EEG( , ) distribution is given, respectively, by
The hazard function (3) is decreasing for 0 < < 1, is constant for = 1, and is monotonically increasing when > 1. Figure 1 presents different forms for the density and hazard functions for the EEG distribution considering different values of and .
For the random variable with EEG distribution, the moment generating function [14] is given by
for < , where Φ( , , ) = Γ( )
for , > 0, and < 1 is known as Lerch transcendental function [15] . Note that the Laplace transform of the EEG distribution can be easily obtained from the relation LT ( ) = (− ) = ( − ). The raw moments of the EEG distribution are
for ∈ . After some algebraic manipulation, the mean and variance of the EEG distribution are given, respectively, by
where 2 ( ) is the dilogarithm function given by
The mode and the median of the EEG distribution are
From Marshall and Olkin [16] , we have the following inequality:
where lim →∞ Mode( | , )/ ( | , ) = 1. Shannon's Entropy from EEG distribution [9] , which played a central role as a measure of the uncertainty associated with a random variable, is given by
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( , , ) = log ( ) + 2 log ( ) − 2 log ( ) −1 − 2 + 2 − 1 .(10)
Methods of Estimation
In this section, we discuss ten different estimation methods to obtain the estimates of the parameters and of the EEG distribution.
Maximum Likelihood Estimation.
Among the statistical inference methods, the maximum likelihood method is widely used due its desirable properties including consistency, asymptotic efficiency, and invariance. Under the maximum likelihood method, the estimators are obtained from maximizing the likelihood function (see e.g., [17] ). Let 1 , . . . , be a random sample such that ∼ EEG( , ); the likelihood function from (1) is given by
The logarithm of the likelihood function (11) is given by
From ( , | t)/ = 0 and ( , | t)/ = 0, we get the likelihood equations
whose solutions provide the maximum likelihood estimates, hereafter, MLE and MLE . Numerical methods such as Newton-Raphson are required to find the solution of the nonlinear system. For large sample sizes, the obtained estimators are not biased and asymptotically efficient. The MLE estimates are asymptotically normally distributed with joint bivariate normal distribution given by
where ( , ) is the Fisher information matrix given by (see [14] ) 4
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Moments Estimators.
The method of moments is one of the oldest procedures used for estimating parameters in statistical models. The moment estimators (ME) of the EEG distribution can be obtained by equating the first two theoretical moments,
with the sample moments = (1/ ) ∑ =1 and (1/ ) ∑ =1 2 , respectively. After some algebraic manipulation, the estimate for̂M E can be obtained by solvinĝ
Note that, by substitutinĝM E in (18), the estimate for̂M E can be obtained by solving
Therefore, we firstly computêM E and, by substituting such estimate in (19) , the estimatêM E is obtained.
Method of Modified Moments.
A simple modification can be made in the method of moments for estimating the parameters of the EEG distribution. To obtain the moment estimators (MME), consider that
Note that the population coefficient of variation given by
is independent of the scale parameter . So the estimate for ME can be obtained by solving the nonlinear equation
and, by substitutinĝM ME in (23), the estimatêM ME for can be obtained by solvinĝ
3.4. Percentile Estimators. The percentile estimator, originally suggested by Kao [18, 19] , is a statistical method used to estimate the unknown parameters by comparing the sample points with the theoretical ones. This method has been widely used in distributions that have the quantile function in a closed form, such as the Weibull distribution and the Generalized Exponential distribution. For the EEG distribution, the quantile function is given by
The percentile estimates (PCE),̂P CE and̂P CE , can be obtained by minimizing
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respectively. In this paper, we consider = /( + 1). However, several estimators of can be used instead (see [20] ).
L-Moments Estimators.
Hosking [21] proposed an alternative method of estimation analogous to conventional moments, namely, L-moments estimators. These estimators are obtained by equating the sample L-moments with the population L-moments. Hosking [21] states that the L-moment estimators are more robust than the usual moment estimators and are also relatively robust to the effects of outliers and reasonably efficient when compared to the MLE for some distributions.
For the EEG distribution, the L-moments estimators (LME) can be obtained by equating the first two sample Lmoments with the corresponding population L-moments. The first two sample L-moments are
and the first two population L-moments are
where ( | , ) is given in (25) . After some algebraic manipulations, the estimate for̂L ME can be obtained by solving the nonlinear equation
Note that, by substitutinĝL ME in (30), the estimate for̂L ME can be obtained by solvinĝ LME =̂L ME log (̂L ME ) (̂L ME − 1) .
Ordinary and Weighted Least Squares Estimates. Let
(1) , (2) , . . . , ( ) denote the order statistics (we assume the same notation for the next subsections) of the random sample of size from a distribution function (x | , ). The least square estimators (LSE)̂L SE and̂L SE can be obtained by minimizing
with respect to and , where (t| , ) is given by (2) . Equivalently, they can be obtained by solving the following nonlinear equations:
where
The weighted least squares estimates (WLSE),̂W LSE and WLSE , can be obtained by minimizing
These estimates can also be obtained by solving the following nonlinear equations:
Method of Maximum Product of Spacings.
The maximum product of spacings (MPS) method is a powerful alternative to MLE for the estimation of the unknown parameters of continuous univariate distributions. Proposed by Cheng and Amin [22, 23] , this method was also independently developed by Ranneby [24] as approximation to the Kullback-Leibler measure of information. Let ( , ) = ( ( ) | , ) − ( ( −1) | , ), for = 1, 2, . . . , + 1, be the uniform spacings of a random sample from the EEG distribution, where ( (0) | , ) = 0 and
( , ) = 1. The maximum product of spacings estimates,̂M PS and̂M PS , are obtained by maximizing the geometric mean of the spacings,
with respect to and , or, equivalently, by maximizing the logarithm of the geometric mean of sample spacings:
The estimateŝM PS and̂M PS of the parameters and can be obtained by solving the following nonlinear equations
where Δ 1 (⋅ | , ) and Δ 2 (⋅ | , ) are given in (35). Note that if ( + ) = ( + −1) = ⋅⋅⋅ = ( ) we get
Therefore, the MPS estimators are sensitive to closely spaced observations, especially ties. When the ties are due to multiple observations, ( , ) should be replaced by the corresponding likelihood ( ( ) , , ), since ( ) = ( −1) .
Cheng and Amin [23] proved desirable properties of the MPS such as asymptotic efficiency and invariance; they also proved that the consistency of maximum product of spacings estimators holds under much more general conditions than for maximum likelihood estimators. The authors also present an interesting proof that the MPS estimates converge asymptotically to the ML estimates. Therefore, for the EEG distribution, the MPS estimators are asymptotically normally distributed (see [25] for more details) with joint bivariate normal distribution given by
where ( , ) is the Fisher information matrix.
The Cramer-von Mises Minimum Distance Estimators.
The Cramer-von Mises estimator (CME) is a type of minimum distance estimators (also called maximum goodnessof-fit estimators) which is based on the difference between the estimate of the cumulative distribution function and the empirical distribution function (see, [26, 27] ). MacDonald [28] motivates the choice of Cramer-von Mises type minimum distance estimators providing empirical evidence that the bias of the estimator is smaller than the other minimum distance estimators. The Cramer-von Mises estimates,̂C ME and̂C ME , are obtained by minimizing
with respect to and . These estimates can also be obtained by solving the following nonlinear equations:
where Δ 1 (⋅ | , ) and Δ 2 (⋅ | , ) are given in (35).
Methods of Anderson-Darling.
Another type of minimum distance estimators is based on Anderson-Darling statistic (see [27] ) and is known as the Anderson-Darling estimator (ADE). The Anderson-Darling estimates,̂A DE and ADE , of the parameters and are obtained by minimizing, with respect to and , the function
where Δ 1 (⋅ | , ) and Δ 2 (⋅ | , ) are in (35).
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Simulation Study
In this section, we develop a simulation study via Monte Carlo methods. The main goal of these simulations is to compare the efficiency of the different estimation methods for the parameters of the EEG distribution. The following procedure was adopted:
(1) Set the sample size and the vector of parameter values = ( , ).
(2) Generate values of EEG( , ) with size .
(3) Using the values obtained in step (2), computêand via MLE, ME, MME, LSE, WLSE, PCE, MPS, CME, and ADE. 
We expect that, considering this approach, the MREs are closer to one with smaller MSEs. The results were computed using the software R (R Core Development Team). The seed used to generate the random values was 2015. The chosen values to perform this procedure were = ((0.5, 2), (2, 4)), = 10,000, and = (15, 20, 25, . . . , 130). The values of were selected to allow, respectively, the decreasing and increasing shape in the hazard function. Another motivation comes from the fact that, for = (0.5, 2), we have analogous results for the exponential geometric distribution [2] and, for = (2, 4), the results are analogous for the Complementary Exponential Geometric distribution [4] . It is worth noting that we only considered the samples in which all estimation procedures had converged, getting at the end simulated samples for different values of . Figure 4 presents the proportion of failure from each method.
Based on these figures, the MSEs of all estimates tend to zero for large and also, as expected, the values of MREs tend to one; that is, the estimates are asymptotically unbiased for the parameters. The ME and the CME estimators have, respectively, the largest MREs and MSEs among all the considered estimators. The percentile and the LSE estimators have, respectively, the largest proportion of failure for estimating the parameters of the EEG distribution.
The MPS estimators have the smallest MSEs and the MREs nearest to one for both parameters proving to be the most efficient procedure for estimating the unknown parameters. Moreover, the MPS estimators have good theoretical properties [23] such as consistency, asymptotic efficiency, normality, and invariance. Therefore, we conclude that the MPS estimators should be used for estimating the parameters of the EEG distribution. 
Applications
In this section, we considered two real data sets. The first one is presented by Boag [29] and is related to the ages (in months) of 18 patients who died from other causes than cancer. The second data set is presented by Silva [30] and refers to the serum-reversal time (in days) of 143 children born to HIV-infected mothers who did not receive anti-HIV treatment (Table 4) . In Section 4, our simulation study indicated that the MPS estimators should be used for estimating the parameters of the EEG distribution. Initially, we compared the estimates obtained from the different procedures with the MPS estimator in terms of MREs. Then, we compared the results obtained from the EEG distribution fitted by the MPS estimators with some common lifetime models, such as Weibull, Gamma, Lognormal, and Generalized Exponential distributions.
The Kolmogorov-Smirnov (KS) test is considered to check the goodness of fit. This procedure is based on the KS statistic = sup | ( ) − ( ; , )|, where sup is the supremum of the set of distances, ( ) is the empirical distribution function, and ( ; , ) is cumulative distribution function. In this case, we test the null hypothesis that the data comes from ( ; , ), and, with significance level of 5%, we will reject the null hypothesis if value is smaller than 0.05. As discrimination criterion method, we considered the AIC (Akaike Information Criteria), AICc (Corrected Akaike Information Criteria), HQIC (Hannan-Quinn Information Criteria), and the CAIC (Consistent Akaike Information Criteria) computed, respectively, by AIC = −2 (Θ, ) + 2 , AICc = AIC + 2 ( + 1)/( − − 1), HQIC = −2 (Θ, ) + 2 log(log( )), and CAIC = −2 (Θ, )+ log( )+1, where k is the number of parameters to be fitted andΘ is the estimate of Θ. Given a set of candidate models for t, the preferred model is the one which provides the minimum values. Table 1 presents the data set related to the ages (in months) of 18 patients who died from other causes than cancer extracted from Boag [29] , which considered the Lognormal distribution to describe such data.
Boag Data Set.
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Figure 2: MREs and MSEs related from the estimates of = 2 and = 0.5 for simulated samples, considering different values of obtained using the following estimation methods: (1) MLE, (2) ME, (3) MME, (4) LME, (5) LSE, (6) WLSE, (7) PCE, (8) MPS, (9) CME, and (10) ADE. for different probability distributions. In Figure 5 , we have the survival function adjusted by different distributions and nonparametric survival estimator.
Comparing the empirical survival function with the adjusted distributions, a better fit for the EEG distribution among the chosen models can be observed. This result is confirmed from AIC, AICc, HQIC, and CAIC, since EEG distribution has the minimum values and values returned from the KS test are greater than the chosen models. From our proposed methodology, we observe that the extended exponential geometric distribution has superior fit among the chosen models. In this case, each of the causes of the death can be described by exponential distribution; since the lifetime associated with a particular risk is not observable (latent variables), we observe only the maximum lifetime ( > 1) value among all risks, where the number of causes follows geometric distribution.
Children Exposed to the Vertical Transmission of HIV.
The data set related to the serum-reversal time (in days) of 143 children born to HIV-infected mothers is presented in Table 3 . 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1   2   2   2  2  2  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2   3   3  3  3 3  3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 MRE ( ) 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 MSE ( ) 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 MRE ( ) 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 Figure 3 : MREs and MSEs related from the estimates of = 4 and = 2 for simulated samples, considering different values of obtained using the following estimation methods: (1) MLE, (2) ME, (3) MME, (4) LME, (5) LSE, (6) WLSE, (7) PCE, (8) MPS, (9) CME, and (10) ADE. 1 1 1  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 = 2, = 0.5 1 1 1  2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 = 4, = 2 (b) Figure 4 : Rate of convergence considering different values of obtained using the following estimation methods: (1) MLE, (2) ME, (3) MME, (4) LME, (5) LSE, (6) WLSE, (7) PCE, (8) MPS, (9) CME, and (10) ADE. Considering the MPS estimators, we obtain̂M PS = 0.0065 and CI 95% ( ) = (0.0054; 0.0077) and̂M PS = 14.2279 and CI 95% ( ) = (5.6714; 22.7843). In Table 5 , we compared the estimates obtained from the different procedures with the MPS estimator in terms of MREs.
From Table 5 , we observed that for large samples sizes the estimates are very closer independently of the chosen method. Moreover, due to the large sample size, the MPS estimates and ML estimates are almost the same; such theoretical result is well supported by Cheng and Amin [23] . In Table 6 , we have the results from KS test ( value), AIC, AICc, HQIC, and CAIC, for different probability distributions. Figure 6 presents the survival function adjusted by different distributions and nonparametric survival estimator.
Comparing the empirical survival function with the adjusted distributions, a better fit for the extended exponential geometric distribution among the chosen models 
Conclusions
In this paper, we derived and compared, via intensive simulation study, the estimations of the parameters of the EEG distribution using ten estimation methods. Most importantly, from our simulations, we discovered that the estimates are asymptotically unbiased for the parameters regardless of the estimation method. However, while the ME and CME estimators have, respectively, the largest MREs and MSEs among all the considered estimators, the MPS estimator has the smallest MSEs and the MREs nearest to one, for both parameters, proving to be the most efficient method compared to others for estimating the unknown parameters. As a final advise, combining these results with the good properties of the method such as consistency, asymptotic efficiency, normality, and invariance, we conclude that the MPS estimator is the best one for estimating the parameters of the EEG distribution in comparison with its competitors. Finally, we apply our proposed methodology in two important data sets, demonstrating that the EEG distribution is a simple alternative to be used for lifetime applications.
